We show that in a layered metal, the angle dependent, finite frequency, interlayer magnetoresistance is altered due to the presence of a non-zero Berry curvature at the Fermi surface. At zero frequency, we find a conservation law which demands that the 'magic angle' condition for interlayer magnetoresistance extrema as a function of magnetic field tilt angle is essentially both field and Berry curvature independent. In the finite frequency case, however, we find that surprisingly large signatures of a finite Berry curvature occur in the periodic orbit resonances. We outline a method whereby the presence and magnitude of the Berry curvature at the Fermi surface can be extracted. * Electronic address: a.wright7@uq.edu.au
I. INTRODUCTION
Berry's geometric phase and the corresponding Berry curvature, alter many of the electronic and transport properties of materials [1] . A notable example is the set of Hall effects: the TKNN invariant relevant to quantum Hall insulators [2] , the quantum anomalous Hall effect [3, 4] , the Z 2 indices for the quantum spin Hall effect [5] , and the related anomalous Nernst effect [6] . These can all be connected to the Berry curvature and the corresponding first Chern number [7] . However, experimental detection of many of these effects, and measurement of the Berry curvature itself, is difficult.
In a tilted magnetic field, when measuring interlayer resistivity, angle dependent magnetoresistance oscillations (AMRO) are observed in layered metals as a function of the tilt angle. The experimental setup is shown in Fig.[1] . The oscillations can be viewed as an Aharanov-Bohm interference pattern due to the magnetic flux enclosed by the possible cyclotron orbits between layers, which are shifted relative to each other by the in-plane component of the magnetic field [8] . AMRO have now been used extensively to extract information about the Fermi surface properties of layered metals [9] [10] [11] . AMRO has become crucial to the study of overdoped cuprates [9] and organic superconductors [11] , and the study of their phase diagrams on varying temperature, pressure, and doping. While the analysis of magnetic quantum oscillations in topological insulators is a subtle issue [12] [13] [14] [15] [16] , it seems that these experiments are a powerful tool in probing the topological properties of quantum matter [17, 18] . AMRO experiments on topological insulators have recently begun [19] [20] [21] . By performing AMRO experiments at finite frequency, periodic orbit resonances [22, 23] can be observed and used to extract even more information about the Fermi surface properties of a layered metal, for instance mapping out its Fermi velocity [24, 25] , and investigating the doping and temperature dependence of Fermi surfaces [26] . Periodic orbit resonances up to seventh order have been used in quasi-one dimensional and quasi-two dimensional organics to comprehensively map out anisotropic Fermi surfaces [27] .
One striking aspect of AMRO experiments in layered systems is their seemingly universal behavior, specifically in the appearance of 'magic angles' -the magnetic field tilt angles at which the interlayer resistance is an extremum, which are independent of the magnitude of the magnetic field and temperature. In this Article, we study the effect of the Berry curvature on AMRO. We demonstrate a simple conservation law which demands that the magic angle condition, to lowest order, is unaffected by the Berry curvature at the Fermi surface. To higher order, we find that the Berry curvature on the Fermi surface gives a distinct signature in the magnetic field strength dependence of the resistance extrema. This effect is very small. To aid in the experimental measurement of the Berry curvature at the Fermi surface, we study AMRO in a time dependent electric field, and calculate the frequency dependence of the AMRO. In this case we find that the periodic orbit resonances [28] are substantially altered by the Berry curvature, and thus form a viable probe of the Berry curvature at the Fermi surface.
II. ANGLE DEPENDENT MAGNETORESISTANCE OSCILLATIONS AND MAGIC ANGLES
It has been shown that for both quasi-two dimensional and quasi-one dimensional systems, whether there are just two layers or a superlattice [29] , irrespective of the form of the intralayer Hamiltonian and whether the interlayer transport is coherent or weakly incoherent [30, 31] , that the interlayer conductivity always takes the same form. At tilt angle θ, as defined in Fig.[1] , and at electric field frequency ω, this is given by [28, 29] 
for a circular intralayer Fermi surface, where µ = ck F tan θ, in which c is the layer separation, and k F the Fermi wavevector. J ν is the modified Bessel function of the ν th kind, ω α c is the cyclotron frequency, and τ is the relaxation time.
For large fields (ω α c τ ≫ 1), the first term in Eq. [1] dominates such that the magic angle condition, at which the interlayer magnetoresistance is a local maximum, satisfies
for n ∈ Z, when ck F tan θ n ≫ 1, such that we can take the asymptotic form of the Bessel function.
In this Article, we show that the Berry curvature does not modify these expressions.
Rather, we find a strict conservation law that prevents such a modification to lowest order in the series, Eq. [1] . This is rather surprising given that the Berry curvature does modify the electron orbits on the Fermi surface. On the other hand, we introduce a different measure of conductivity extrema, corresponding to periodic orbit resonances in a time dependent electric field. These are found to appreciably shift as a function of tilt angle and magnetic field magnitude due to the presence of a Berry curvature, and thus form a tangible probe of the Berry curvature on the Fermi surface.
III. CALCULATING AMRO FOR LAYERED SYSTEMS.
Consider a general superlattice Hamiltonian, which is an infinite series of identical stacked two-dimensional layers. The layers are weakly coupled by an overlap integral t ⊥ and contain two-species which can be any real or pseudo-spin such as a sublattice or on-site orbitals.
The full Hamiltonian is given byĤ = k H( k)c † k c k , where c k is a spinor in the relevant pseudo-spin basis, k is a Block wavevector, and
in which σ 0 is the 2 × 2 identity matrix, and σ x,y,z are the Pauli matrices. For small t ⊥ , the Fermi surface is approximately a cylinder. The eigenvalues are
where α = ±1. The intralayer part of this Hamiltonian describes graphene [32] and its cousins [33] , topological insulator surface states [34, 35] , spintronics systems [36] , and some unconventional triplet superconductors (e.g., the p + ip variety) [37] . In graphene, for ex-
We now solve the relevant Boltzmann equation within the relaxation time approximation, as has been done previously [29] . However, we include the Berry curvature [38]
where |u k,α are the eigenvectors of Eq. [3] .
The semi-classical equations of motion, including the Berry curvature, are given by ( =
Combining the two, we can remove the real space coordinate, finding
Solving for the intralayer equations of motion when E = 0, assuming the interlayer hopping t ⊥ is small, we obtain k y + ik x = k F e −iω α c t , where the semi-classical cyclotron frequency is given by
which is clearly a function of the Berry curvature Ω α (k F ).
Solving for the interlayer wavevector k z (t), we first observe from the second expression in Eq. [6] , that in the absence of an electric field, d k/dt · B = 0, and thus k · B is a constant of motion. Expanding this component-wise, and setting B y = 0, we can write
Writing B = | B|(sin θ, 0, cos θ), and substituting the expression for k x (t), we obtain
From this, we can calculate the interlayer conductivity, in an analogous way as was performed previously in the absence of a Berry curvature (see Ref. [29] , Eq. 25ff), the difference in the two results being that here the cyclotron motion depends upon the Berry curvature, as shown in Eq. [8] . Therefore, we can immediately present our result for the interlayer conductivity, Eq. [1] .
We see then, that from the conservation law leading to Eq. [9] , the magic angle condition, which arises from the first term in the series for the interlayer conductivity, Eq. [1] , cannot be altered by the Berry curvature.
Remarkably, an identical result is obtained for bilayer systems [29, 40] . The calculation in this case does not differ from that presented elsewhere. For the sake of completeness, we briefly sketch the calculation here.
Consider a general bilayer Hamiltonian with layer index denoted i = 1, 2, given bŷ
where k is now in-plane only and is conserved upon interlayer hopping. We use two identical intralayer Hamiltonians of the form
The intralayer Hamiltonians each induce a Berry curvature Ω(k).
We follow Cooper and Yakovenko's approach to the problem [40] , namely, incorporating the Peierls' substitution into the interlayer hopping integral, t ⊥ (t) → t ⊥ e i e c 0 B y(t)dz , where the two layers are located at z = [0, c]. Using the gauge A(t) = B y(t)ẑ, associated with the component of the field parallel to the layers, we obtain
The Kubo formula for interlayer conductivity can be calculated by phase averaging the square of t ⊥ [40] . Including the relaxation time, this leads to the interlayer conductivity Eq.
[1].
IV. BERRY CURVATURE FINGERPRINTS IN HIGHER ORDER CORREC-TIONS TO THE MAGIC ANGLE CONDITION
Experimental measures of the Berry curvature at the Fermi surface are elusive. Spurred on by this difficulty, we now explore the second order term in the conductivity Eq. [1] .
In order to experimentally observe inter-or intra-layer magnetic quantum oscillations, the relaxation rate must be at least of the same order as the cyclotron frequency, and would ideally be much smaller. In smaller fields, such that ω α c τ ∼ 1, the second order term in Eq. [1] becomes relevant. Expanding this term, we obtain for small eB ⊥ Ω,
where ω 0 c is the cyclotron frequency, Eq. [8] , with zero Berry curvature, Ω = 0, and as we are interested here in the zero frequency result, we have set ω = 0. Taking the asymptotic form of the Bessel functions, we obtain
where we have included the angle dependence of µ(θ) = ck F tan θ for emphasis. A simple analytic expression for the extrema of the conductivity in this case does not exist. However we can see that the conductivity is now a function of magnetic field strength multiplied by Berry curvature.
Unfortunately, as we shall see later, this higher order correction due to the Berry curvature in most realistic systems is miniscule. Furthermore, since the term ω 0 c ∝ |B| cos θ, the second order correction above varies with the field magnitude in a rather complicated way, making a meaningful extraction of the Berry curvature at the Fermi surface quite subtle.
V. MAPPING OUT THE BERRY CURVATURE WITH PERIODIC ORBIT RES-

ONANCES
Including a time dependent electric field, we find that the structure of the interlayer conductivity develops additional structure. In Fig.[2] we have shown the interlayer conductivity, as a function of tilt angle, at both zero and finite frequencies, and both with and without Berry curvature. Most striking, together with the additional structure, is that the Berry curvature, which is almost completely unnoticeable in the zero frequency case, alters the interlayer conductivity. In particular, the location of the extrema have moved significantly due to the Berry curvature.
Inspecting the denominators of the series expansion for the conductivity in Eq.
[1], we see that resonances occur when
These resonances, which occur on top of the oscillating signal from the Bessel functions in the conductivity, lead to the complicated pattern observed in Fig.[2] . In order to extract information about the Berry curvature from this signal, we expand the resonance condition, Eq. [15] , in terms of the magnetic field strength, and the tilt angle θ, and find that the ν th resonance occurs when cos θ l
where l 2 B = /eB is the magnetic length. Notably, if the Berry curvature, Ω(k F ), is zero, then the periodic resonances in the conductivity will always occur at the same values of cos θ/l 2 B , irrespective of the tilt angle or magnetic field strength. In Fig.[3] we have shown the resonances for two systems, one with a Berry curvature, and one without. As expected from the above expression, as the tilt angle is varied, the resonances remain constant unless there is a finite Berry curvature. We note that the effect is significantly greater than in the zero frequency case, and so is much more readily observed.
VI. SAMPLE MATERIALS AND EXPERIMENTAL QUESTIONS
The expressions obtained in the previous sections are for a general SU(2) intralayer Hamiltonian with weak interlayer tunnelling amplitude. The prototypical Hamiltonians of such a form that describe two topical systems are those of layered graphene and topological insulators. The low-energy Hamiltonian of both a topological insulator surface state (graphene) in the spin (sublattice) basis can be written as [16] 
where v F is the Fermi velocity, m is the effective mass, ∆ produces a band-gap of 2∆ at k = 0, and κ = ±1 for the ±K points in graphene, and κ = 1 for topological insulators. In the case of topological insulators, ∆ = g s µ B B in the presence of a magnetic field [37] . For graphene, m → ∞, and ∆ reflects a sublattice anisotropy [41] , which vanishes in the case of pristine graphene.
From Eq. [4] , the eigenvalues are given by ǫ α (k ) = 
Strictly, in the limit ∆ → 0, the Berry curvature becomes a δ−function at k = 0 [42] . In the limit of vanishing gap, the experimental probe introduced here, namely the frequency and . angle dependent interlayer magnetoresistance oscillations, are useless. This is because the frequency dependent AMRO measure the Berry curvature on the Fermi surface, which will be zero in such a case except at precisely half filling. For gapped graphene, there are two Fermi circles, one each near the ±K points. These have opposite Berry curvatures, since κ = ±1 for the two valleys.
As an example of a possible experimental situation, we consider a three dimensional topological insulator thin film (or equivalently a layered two dimensional topological insulator), with interlayer spacing c = 50 nm, and a Fermi velocity v F = 5 × 10 5 ms −1 , appropriate to Bi 2 Se 3 [43] . We consider a Fermi momentum of k F = 5 × 10 7 m −1 , a g-factor g s = 5, and a relaxation rate corresponding to a mean free path of 100 nm. In Fig.[2] we have shown the interlayer magnetoresistance oscillations as a function of tilt angle θ at B = 20 T, for systems both with and without a Berry curvature, and with and without an external field, of frequency ω = 6.25 × 10 13 s −1 . For systems without a Berry curvature, the extrema occur at a constant angle, independent of magnetic field. At zero frequency, as shown earlier, the angle is altered slightly due to the Berry curvature. Unfortunately, this effect is tiny. For finite frequency measurements however, we see that the situation is altered. The location of the minima with and without a Berry curvature are very different, and so we see that the Berry curvature at the Fermi surface leaves a distinct fingerprint in the angle dependent magnetoresistance oscillations. The traces shown in Fig.[3] are for the system outlined here, in the upper pane the Berry curvature contribution has been subtracted off, and in the lower pane the full result is shown.
In conclusion, we have shown that the presence of a non-zero Berry curvature alters the frequency and angle dependent magnetoresistance oscillations. These results suggest a robust method to measure the Berry curvature at the Fermi surface of topological insulators and superconductors, graphene-like systems, Chern insulators, and topological superconductors.
